It is well known that Sturmian sequences are the aperiodic sequences that are balanced over a 2-letter alphabet. They are also characterized by their complexity: they have exactly (n + 1) factors of length n. One possible generalization of Sturmian sequences is the set of infinite sequences over a k-letter alphabet, k ≥ 3, which are closed under reversal and have at most one right special factor for each length. This is the set of episturmian sequences. These are not necessarily balanced over a k-letter alphabet, nor are they necessarily aperiodic. In this paper, we characterize balanced episturmian sequences, periodic or not, and prove Fraenkel's conjecture for the class of episturmian sequences. This conjecture was first introduced in number theory and has remained unsolved for more than 30 years. It states that for a fixed k > 2, there is only one way to cover Z by k Beatty sequences. The problem can be translated to combinatorics on words: for a k-letter alphabet, there exists only one balanced sequence up to letter permutation that has different letter frequencies.
Introduction
Sturmian sequences are exactly the aperiodic balanced sequences over a 2-letter alphabet [7, 17] . A sequence s is balanced if for every letter a, the number of a's in any two n-length factors differ by at most 1, for any n. Sturmian sequences are also characterized by their number of n-length factors: they always have (n + 1) factors of length n, for every n. For sturmian sequences, the two conditions are equivalent. There are two different generalization of Sturmian sequences for alphabets of cardinality k ≥ 3. The first one is the set of balanced sequences [5, 19, 21] and the second one is the set of sequences which are closed under reversal and have at most one right special factor for each length. These are called episturmian sequences, and have been extensively studied by Justin and Pirillo [9, 15, 16] . It is interesting to note that the two notions coincide for Sturmian sequences, which are both aperiodic episturmian and aperiodic balanced [7] sequences over a 2-letter alphabet. Nevertheless, when the alphabet has 3 letters or more, the two notions no longer coincide. In particular, episturmian sequences are generally unbalanced over a k-letter alphabet, for k ≥ 3. Thus, a natural question is to characterize which sequences are both episturmian and balanced. We pursue this question here.
We show that there are exactly three different kinds of balanced episturmian sequences, and among them, only one has different letters frequencies. Moreover, this characterization gives a partial proof of the Fraenkel's conjecture [10, 11, 19, 20] . He has conjectured that for a fixed k > 2, there is only one covering of Z by k sequences of the form ⌊an + b⌋. These are called the Beatty sequences. In combinatorics on words, the conjecture can be stated as follows: there is only one balanced sequence over a k-letter alphabet with different letter frequencies, up to letter permutation. In particular, we prove Fraenkel's conjecture in this paper for the class of episturmian sequences. Fraenkel's sequence (F r 3 ) ω for a 3-letter alphabet is F r 3 = 1213121 and Fraenkel's sequence (F r k ) ω for a k-letter alphabet A = {1, 2, . . . , k} is F r k = F r k−1 kF r k−1 . The conjecture is verified for k = 3, 4, 5, 6 according to the work of Altman, Gaujal, Hordijk and Tijdeman [1, 12, 14] . The case k = 7 has been recently settled by Barát and Varjú [4] . Many cases have been proved by Simpson [18] . Graham and O'Bryant [13] have generalized the conjecture to exact k-fold coverings and they have proved special cases of the generalized conjecture.
One interesting corollary of our main result is that Arnoux-Rauzy sequences [3] are never balanced episturmian sequences, since every balanced sequence is ultimately periodic.
In this paper, we first recall basic definitions and notation for combinatorics on words, as well as some useful results about episturmian sequences. Then, we show that balanced standard episturmian sequences are described by one of the three following directive sequences:
As a result, since episturmian sequences have the same language as standard episturmian sequences, we prove a similar characterization for non standard episturmian sequences. Finally, considering letters frequencies in the balanced episturmian sequences, we prove Fraenkel's conjecture for the class of episturmian sequences.
Preliminaries
Let A denote a finite alphabet. A finite word w is an element of the free monoïd A * . The i-th letter of w is denoted w i . If w = w 1 w 2 . . . w n , with w i ∈ A, the length of w is n and we write |w| = n. By convention, the empty word is denoted ε and its length is 0. We define the set of non empty finite words as A + = A * \ {ε}, and A ω denotes the set of right infinite words over the alphabet A, also called sequences for short. Then A ∞ = A * ∪ A ω is the set of finite and right infinite words. A word w ∈ A ∞ is balanced if for all factors u and v of w having the same length, one has ||u| a − |v| a | ≤ 1 for every a ∈ A. A word w ∈ A ∞ is ultimately periodic of period n ∈ N if w i = w i+n ∀i ≥ ℓ and ℓ ∈ N. If ℓ = 1, then w is purely periodic.
The number of occurences of the letter a ∈ A in w is denoted |w| a . For a finite word w, the frequency of the letter a is defined by f a (w) = |w| a /|w|. Note that we will compute the frequencies only for ultimately periodic and balanced sequences. Thus, the frequencies always exist (see [1] ). The reversal of the finite word w = w 1 w 2 . . . w n is w = w n w n−1 . . . w 1 and if w = w, then w is said to be a palindrome. A finite word f is a factor of w ∈ A ∞ if w = pf s for some p ∈ A * , s ∈ A ∞ . If p = ε (resp. s = ε), f is called a prefix (resp. a suffix) of w. Let u = as, a ∈ A and s ∈ A ∞ , then, a −1 u = s. The palindromic right closure of w ∈ A * is the shortest palindrome u = w (+) with w as prefix.
The set of factors of s ∈ A ω is denoted F (s) and F n (s) = F (s) ∩ A n is the set of all factors of s of length n ∈ N. A factor f of s is right (resp. left) special in s if there exist a, b ∈ A, a = b, such that f a, f b ∈ F (s) (resp. af, bf ∈ F (s)). The alphabet of s is Alph(s) = F (s) ∩ A and Ult(s) is the set of letters occuring infinitely often in s. The complexity function is given by p(n) = F n (s) and is the number of factors of s of length n ∈ N. Two words w 1 , w 2 ∈ A ∞ are said equivalent if they have the same set of factors:
A sequence s ∈ A ω is episturmian if F (s) is closed under reversal and s has at most one right special factor of length n for each n ∈ N. Moreover, an episturmian sequence is standard if all its left special factors are prefixes of it. In [9] , the authors define episturmian sequences using standard episturmian ones as follows: Definition 2.1. An infinite word t is episturmian if F (t) = F (s) for some standard episturmian sequence s.
These are characterized by the following definition of standard episturmian sequences given in [9] : Definition 2.2. A sequence s is standard episturmian if there exists an infinite sequence ∆ = x 1 x 2 .... , x i ∈ A, such that each of the words u n defined by u n+1 = (u n x n ) (+) , n ≥ 1, with u 1 = ε, is a prefix of s.
In Definition 2.2, the word ∆(s) is called the directive sequence of the standard episturmian sequence s and we write s = Pal(∆(s)).
. . x n , x i ∈ A, and u 1 = ε, . . . , u n+1 = (u n x n ) (+) , be the palindromic prefixes of u n+1 . Then Pal(w) denotes the word u n+1 .
Recall from [15] a useful property of the operator Pal. It will be used in almost all our proofs in the next section:
If w is x-free, then Pal(wx) = Pal(w)xPal(w). If x occurs in w write w = w 1 xw 2 with w 2 x-free. Then, the longest palindromic prefix of Pal(w) which is followed by x in Pal(w) is Pal(w 1 ) whence easily Pal(wx) = Pal(w)Pal(w 1 ) −1 Pal(w). The directive sequence allows to construct easily standard episturmian sequences:
Example 2.6. Over the alphabet A = {1, 2, 3}, the Tribonacci sequence t (see [3] ), a standard episturmian sequence, has the directive sequence ∆(t) = (123) ω and then, u 1 = ε, u 2 = 1,
Remark 2.7. For clarity issue, we underline the letters of the directive sequence in the corresponding episturmian sequence.
A standard episturmian sequence s ∈ A ω or any equivalent episturmian sequence is said to be B-strict if Ult(s) = Alph(s) = B ⊆ A: every letter in B = Alph(s) occurs infinitely many times in its directive sequence ∆(s). In particular, the A-strict episturmian sequences correspond to the Arnoux-Rauzy sequences (see [3] ).
Balanced episturmian sequences
In this section, we give a characterization of the balanced episturmian sequences. We first study balanced standard episturmian sequences and from that characterization, as standard episturmian sequences have the same language as episturmian sequences, we characterize more generally the balanced episturmian sequences.
Let consider the first repeated letter of the directive sequence ∆(s) of a balanced standard episturmian sequence s. By first repeated letter, we mean the first letter which occurs twice in the shortest prefix of ∆(s).
Example 3.1. In ∆(s) = 12321 . . . , the first repeated letter is 2.
Remark 3.2. In this paper, in order to show that a word is unbalanced, we will always give two factors f and f ′ of the same length, with ||f | f 1 − |f ′ | f 1 | ≥ 2: the unbalance is over the first letter of f , namely f 1 .
Let start with introductive examples. 2) Let t be a standard episturmian sequence with the directive sequence ∆(t) = 12131 . . . . Then t = Pal(12131 . . . ) = 12112131211211213121121 . . . , which contains the factors 11211 and 21312. Thus, t is unbalanced over the letter 1.
3) Let u be a standard episturmian sequence with the directive sequence ∆(u) = 12341 . . . . Then u = Pal(12341 . . . ) = 121312141213121121312141213121 . . . , which is a balanced prefix.
It seems that the satisfaisability of the balance condition depends on where the repeated letters occur. Proposition 3.5 characterizes directive sequences with the first repeated letter different from the first letter, while Proposition 3.6 characterizes the directive sequences ∆(s) = 11z, with z ∈ A ω . Lemma 3.4. Let ∆(s) = xα ℓ y be the directive sequence of a balanced standard episturmian sequence α ∈ A, x ∈ A + , y ∈ A ω and ℓ ≥ 2. If α is the first repeated letter, then x i = y j , ∀i, j.
Proof. Let suppose there exists β = α ∈ A such that ∆(s) = x ′ βx ′′ α ℓ y ′ βy ′′ , with y ′ i = x j , ∀i, j. Let p = Pal(x ′ βx ′′ ). There are 3 cases:
which contains the factors αpα and pβp 1 ,
which contains αpα and pp 1 p 2 ,
which contains αβα and βγβ, γ ∈ A. Since s is over at least a 3-letter alphabet, γ exists and at its first occurrence it is preceded and followed by β. Then, s is unbalanced. Proof. Let ∆(s) = xkykz be the directive sequence of a balanced standard episturmian sequence s, with x ∈ A + , y ∈ A * , z ∈ A ω , |xky| α ≤ 1 , ∀α ∈ A (since k is the first repeated letter). Let p = Pal(x) and let suppose y = ε. Then s = pkpy 1 pkp . . . pkpy 1 pkpkp . . . which contains the factors kpk and py 1 p 1 , p 1 = k and y 1 = k (since |xky| α ≤ 1, ∀α ∈ A). Then s is unbalanced over k. Thus, it follows that y = ε. Consequently, ∆(s) = xk 2 z. We rewrite ∆(s) = xk ℓ z ′ , with z ′ 1 = k, and ℓ ≥ 2. Then,
which contains the factors kpk and pz ′ 1 p 1 , with z ′ 1 = k and p 1 = x 1 = k. Lemma 3.4 insures that it is the first occurence of the letter z ′ 1 and then, z ′ 1 is necessarily followed by p 1 . If z ′ 1 = k exists, s is unbalanced. Then z ′ = k ω and ∆(s) = 12 . . Proof. Let ∆(s) = 1 ℓ z be the directive sequence of a balanced standard episturmian sequence, with z 1 = 1 , ℓ ≥ 2. Let suppose |z| 1 > 0. Then we get ∆(s) = 1 ℓ z ′ 1z ′′ , with z ′ = ε and
. . , which contains the factors z ′ 1 1 ℓ+1 z ′ 1 and 1 ℓ α1 2 , with α ∈ A, α = 1 and α = z ′ 1 . There is at least one letter α in z ′ or z ′′ distinct from z ′ 1 and 1, since s is over at least a 3-letter alphabet, and at its first occurence, α is preceeded and followed by 1 ℓ . Then s is unbalanced. It follows that |z| 1 = 0. Since the alphabet is finite, there is at least one letter distinct from 1 which occurs twice. Let consider the first repeated one, namely γ. Then, ∆(s) = 1 ℓ uγvγw, with |uγv| α ≤ 1, ∀α ∈ A and |uγvγw| 1 = 0. Let suppose v = ε and let p = Pal(1 ℓ u). Then, s = pγpv 1 pγp . . . pγpγ . . . which contains the factors γpγ, pv 1 p 1 , v 1 = 1 = γ and p 1 = γ. We conclude that v = ε. Let now consider ∆(s) = 1 ℓ uγ 2 w, which we rewrite as ∆(s) = 1 ℓ uγ m w ′ , m ≥ 2 and w ′ 1 = γ. Then,
which contains the factors γpγ and pw
Propositions 3.11 and 3.12 characterize the directive sequences ∆(s) = 1y1z, with y = ε, |y| 1 = 0 and 1, the first repeated letter. Two technical lemmas are required: Lemma 3.7. Let ∆(s) = 1y1z be the directive sequence of a balanced standard episturmian sequence, with 1 the first repeated letter, |y| 1 = 0, y ∈ A + , z ∈ A ω . Then, z i = y j , ∀i, j.
Proof. Let ∆(s) = 1y ′ αy ′′ 1z ′ αz ′′ , with α ∈ A, z ′ i = y j , ∀i, j (the second repeated letter is α). Let p = Pal(1y ′ ). Then, there are 2 cases:
which contains the factors αpα and pp 1 p 2 = p1y ′ 1 and 1 = α, y ′ 1 = α. Then s is unbalanced.
. . , which contains the factors α1α and 1β1, β ∈ A \ {1, α} is necessarily preceded and followed by the letter 1. The letter β exists since s is over at least a 3-letter alphabet. Then s is unbalanced.
It follows that z i = y j , ∀i, j.
Lemma 3.8. Let ∆(s) = 1y1z be the directive sequence of a balanced standard episturmian sequence s, with 1 the first repeated letter, y ∈ A + , |y| 1 = 0, z 1 = 1 and z ∈ A ω . Then, |z| 1 = 0.
Proof. Let suppose |z| 1 ≥ 1 (there is a third 1 in the directive sequence): ∆(s) = 1y1z ′ 1z ′′ , with
which contains the factors 1p1 (in p 3 ) and 1 −1 pz ′ 1 p 1 p 2 , where z ′ 1 = p 1 = 1 and z ′ 1 = p 2 = y 1 (insures by Lemma 3.7).
If the directive sequence is ∆(s) = 1y1z, then z does not contain any other 1. which contains the factors 212 and 131. Thus, t is unbalanced over the letter 2.
In the following proposition, we describe how the letters different from 1 can be repeated:
Proposition 3.11. Let ∆(s) = 1y1z be the directive sequence of a balanced standard episturmian sequence, with
Proof. Let consider α ∈ A, the first repeated letter distinct from 1. Then, there are 2 cases to consider:
. . with factors αpα and pz ′′ 1 p 1 . We conclude that z ′′ = ε.
The only possibility is ∆(s) = 1y ′ 1z ′ α 2 z ′′′ , which we rewrite as ∆(s) = 1y
with factors αpα and pz ′′′′ 1 p 1 , with z ′′′′ 1 = α, p 1 = 1 = α. It follows that z ′′′′ = α ω , then z ′′′ = α ω and finally, ∆(s) = 12 . . . k1(k + 1) . . . We have now considered every possibility of directive sequences for a balanced standard episturmian sequence. Theorem 3.13 summarizes the previous propositions.
Theorem 3.13. Any balanced standard episturmian sequence s has a directive sequence in one of the three following families of sequences:
Proof. Proposition 3.5 implies a) for n = 1 and Proposition 3.6 implies a) for n ≥ 2, while b) (resp. c)) follows from Proposition 3.11 (resp. Proposition 3.12).
Remark 3.14. Notice that all the directive sequences given in Theorem 3.13 yield balanced standard episturmian sequences. The sequences given in a) can be written as:
This sequence is balanced over the letter 1, since the projection of s is (1 n α) ω which is balanced, and as the distance between two occurrences of the same letter is always the same, it follows from Hubert [14] that it is a balanced sequence. That is the letter α is periodically replaced by Pal(23 . . . k).
The sequences given in b) can be written as F r k−1 (F r k−1 A) ω , with A periodically replaced by Pal(k(k +1) . . . (k +ℓ)). Then, if the letter i ∈ {k, k +1, . . . , k +ℓ} then from Hubert, the sequence is balanced over this letter. The sequence is balanced over the the letter i ∈ {1, 2, . . . , k − 1}, since it appears in the Fraenkel word (F r k−1 AF r k−1 ) ω .
Finally, the sequences given in c) are known to be balanced, from the Fraenkel's conjecture.
Recall the following result: Then, a standard episturmian sequence can not be both periodic and A-strict. The next result follows: Corollary 3.16. Every balanced standard episturmian sequence is ultimately periodic. In other words, none of the Arnoux-Rauzy sequences (A-strict episturmian sequences) are balanced.
Proof. The first part of the corollary is a direct consequence of Theorem 3.13. The second part follows from the property that an A-strict episturmian sequence can not be ultimately periodic. 
Proof. It follows from the computation of Pal(∆(s)), with ∆(s), the directive sequences of Theorem 3.13.
Proposition 3.18. Every balanced standard episturmian sequence s with different frequencies for every letter can be written as in Corollary 3.17 c).
Proof. In Corollary 3.17 a), the letters k and (k − 1) appear once in the period. Thus, the frequencies of k and (k − 1) in s are equal. In b), the same argument over the letters (k + ℓ) and (k + ℓ − 1) holds. In c), by direct inspection, we find that the period of s has length |Pal(123 . . . k)| = 2 k − 1, and the frequency of the letter i is 2 k−i /(2 k − 1). Thus, the frequencies of two different letters are different.
As every episturmian sequence t has the same language as a standard episturmian sequence s, the result of Proposition 3.18 can be extended to any balanced episturmian sequences. Then, we get the following general result, which is the proof of Fraenkel's conjecture for episturmian sequences: 
Concluding remarks
In order to extend our work on balanced sequences, we could investigate two directions. The first one is in relation to billiard sequences. In [21] , the second author surveys balanced sequences and proves that billiard sequences over a k-letter alphabet are (k − 1)-balanced. That is, let X be a billiard sequence over a k-letter alphabet then ∀i ∈ A, ∀n ∈ N, ∀w, w ′ ∈ F n (X) we have ||w| i − |w
Furthermore, we notice that Fraenkel's sequences are periodic billiard sequences. Therefore, in the spirit of our paper, it would be interesting to study the billiard sequences [2, 6] which are balanced. This class contains at least Fraenkel's sequences, and perhaps some other interesting sequences.
The second direction is directly related to the original Fraenkel's conjecture. In order to prove this conjecture, it will be useful to have the property that balanced sequences over an alphabet with more than 2 letters, with pairwise distinct frequencies of letters, are given by directive sequences. Combining our results with this conjecture would give a proof of Fraenkel's conjecture.
